In this paper, we give an exact analytical solution of the Falkner-Skan equation for all values of b.
Introduction
Study of boundary-layer flows of a viscous and incompressible fluid over a continuously stretching surface has significant applications in engineering and industrial processes, such as an aerodynamic extrusion of plastic sheets, liquid film in condensation processes, cooling of a metallic plate in a cooling bath, wire drawing, drawing of plastic films, metal spinning, roofing shingles, insulating materials, cooling of films or sheets, conveyor belts, metallic plates, etc., and in the applications of glass, and polymer industries as well. In all the above applications, the stretching sheet moves with a constant stretching speed and with parallel to its plane. Both the kinematics of stretching sheet and the concurrent heating or cooling during such processes have qualitative influence on the final products. Because of these significant applications, the governing physical problem is converted into an equivalent mathematical one which is necessarily the most celebrated third order non-linear ordinary differential equation: the Falkner-Skan equation which arises in the two-dimensional boundary layer flow of viscous fluid with stream-wise pressure gradient. The Falkner-Skan equation plays a considerable role in the development of boundary layer theory in fluid mechanics. The mathematical treatment of existence and uniqueness results for the Blasius problem, a special case of the Falkner-Skan equation, was established by Weyl [1] . Coppel [2] proved the following important theorem on existence and uniqueness. It states that for all nonnegative f ð0Þ and f 0 ð0Þ, the second derivative f 00 ðZÞ is positive, zero or negative throughout the interval 0 r Zr1 according as f given by Hartree [3] , Cebeci and Keller [4] and many more, using the well-known shooting technique. Asaithambi [5] has solved the Falkner-Skan equation numerically using finite difference scheme which is different from shooting technique. In the solution method, an infinite domain was converted into the finite one to achieve the best accuracy. Because of these significant applications, the Falkner-Skan flow problem has been studied in different contexts. The Falkner-Skan flow in the second grade fluid (Rajagopal et al. [6] ), viscoelastic fluid (Olagunju [7] ), FENE-P model (Anabtawi and Khuri [8] ), heat transfer in nanofluids (Yacob et al. [9] ), etc., has been studied.
Due to the high non-linearity of the problem, an exact solution of the Falkner-Skan equation has not been given in the literature for all values b. It does not admit any exact analytical solution except in very special case. However, Riley and Weidman [10] have given an exact analytical solution of the Falkner-Skan equation for b ¼ À1 in terms of error and exponential functions which was replica of the solution given by Yang and Chien [11] for different boundary conditions. Most of the solutions are given for b ¼ À1 for different cases in the literature. Liao [12] developed and implemented successfully a homotopy analysis method for the solution of the FalknerSkan equation for general value of b. Fang and Zhang [13] have given an exact solution of the Falkner-Skan equation for b ¼ À1 and explored a different branches of solutions. Recently, Sachdev et al. [14] have found a new way of solving the Falkner-Skan equation for general b. In their study, exact analytical solution for b ¼ À1 is obtained in terms of error and exponential functions which is then used to give exact solution for general b. Kudenatti and Awati [15] have applied the above method, as pioneered by Sachdev et al. [14] Contents lists available at SciVerse ScienceDirect for the solution of the Falkner-Skan equation for general b for a fixed plate and the plate with suction or injection.
Afzal [16] recently has given a new version of the FalknerSkan equation relating free stream velocity to composite reference velocity i.e. sum of the velocities of stretching boundary and free stream. In a boundary layer flow, moving boundary with speed U w is subjected to a free stream speed U 1 . For U w 4 U 1 or U w o U 1 , these two problems are physically different which require two sets of boundary layer equations and boundary conditions. Afzal [16] proposed the reference velocity U(x) as UðxÞ ¼ U w þ U 1 which leads to a single set of boundary layer equation along with the boundary conditions, irrespective of whether U w 4 U 1 or U w oU 1 (see Section 2 for details).
In the present paper, we give an exact analytical solution of the The organization of the paper is as follows. The two-dimensional laminar boundary layer equations and similarity transformations are given in Section 2 to derive the Falkner-Skan equation with relevant boundary conditions. However, this derivation can directly be taken from the Afzal [16] , but to make this paper self-contained, it is derived in the present paper. 
Formulation of the problem
The two-dimensional laminar boundary layer equations for viscous and incompressible fluid subjected to a pressure gradient and stretching of the boundary surface are
where u and v are the stream wise and normal velocities in x and y respectively, r is the density of the fluid, p is the pressure gradient, dp=dx ¼ ÀrU 1 ðdU 1 =dxÞ, U 1 is the velocity at the edge of the boundary layer of thickness d, and n is the kinematic viscosity. The relevant boundary conditions are given as follows:
where U w (x) is the velocity of the stretching surface. Using similarity transformations as in Afzal [16] in the above systems (1)- (3), we get
with the boundary conditions
where (4) and (5) but their physical behavior is entirely different which is obvious from the boundary conditions. In the following section, we give an exact analytical solution of systems (4) and (5) 
The exact solution for b ¼ À1
Twice integration of systems (4) and (5) for b ¼ À1 with respect to Z gives the Riccati equation of the type
Solution of Eq. (6) is
It is important to note that the above exact analytical solution (7) is the correct one as the same solution that is obtained by Afzal [16] has wrongly typed or given (see Eq. (11) of that paper). The axial velocity gradient at the wall is given by Eq. (7)
Eq. (8) (4) and (5). This is a critical solution which changes the analytic character of the solution across the parametric value E ¼ 1 2 . This paper devices a method that helps in obtaining a new exact analytical solution of the Falkner-Skan equations (4) and (5) for general values of b. In the following section this has been achieved using the method pioneered by Sachdev et al. [14] .
The exact solution for general b
Observe that we have obtained a closed form solution (7) of the Falkner-Skan equations (4) and (5) for b ¼ À1 which can be rewritten as
where X ¼ EZþd=E. This, for convenience, can be rewritten again as
for general values of b. The function GðZÞ easily generalizes the solution of the Falkner-Skan equation for general b. Substituting (10) into (4), we get the following equation for GðZÞ:
and the boundary conditions (5) become
where G ¼ GðZÞ. It readily follows from (10) that a closed form solution of (11) and (12) for b ¼ À1 is given by
The error and exponential functions in the above expression are entire functions. As these functions may be expanded in Taylor series about Z ¼ 0 which have an infinite radius of convergence, we expect the similar analysis for other values b. This motivates us to write the series representation as
Notice from (16) that all the coefficients a n have been obtained in terms of the unknown a 2 . This unknown a 2 characterizes the coefficient of skin friction, must be obtained such that the derivative condition at 1 is satisfied (see the last boundary condition in (5)). This is equivalent to determine the value of either a 2 of the series (14) or f 00 ð0Þ of systems (4) and (5) because these are intrinsically related to each other through Eq. (10):
The coefficients a n involve two arbitrary constants, namely, d and f 00 ð0Þ. To determine one of the unknown constants a 2 or f 00 ð0Þ and d, we match the series expansion of the closed form solution (13) with that of series (14) where Z max ¼ lim Z-1. Since, f 00 ð0Þ appears on both sides of the above relation, it has to be solved iteratively for all involved parameters. The solution of the above asymptotic integral relation is too complicated by the fact that the boundary condition is specified at infinity. In the integrations, infinity is numerically approximated by the large value of independent variable (i.e. Z max ). There is no such priori general method for estimating this value. Selecting too small value for Z max does not assure convergence to the required accuracy. And also selecting too large value for Z max results either in asymptotic divergence series or in slow convergence of the series to satisfy derivative boundary condition at infinity. Hence, a method must be
devised to logically estimate the value of Z max to get f 00 ð0Þ up to required accuracy. In the integration, the initial approximation of f 00 ð0Þ ¼ 0:126491 is chosen from exact analytical solution for b ¼ À1
and E ¼ 0:1 for all other parameter b and E to ensure the fast convergence. For small value of Z max , the series is well behaved and can be integrated. So, in the process, once f 00 ð0Þ is assumed and the Pade's approximants which extend the region of validity of convergence, are used, the integral relation can be integrated without any difficulty to determine a nearly correct value of f 00 ð0Þ. With fewer iterations, f 00 ð0Þ can be obtained up to any desired accuracy.
The results obtained by the method described above have been used to plot Figs. 1(a)-(d) and 2 and in Table 1 .
Solution for e ¼ 0
Flows in the continuously stretching surface have been studied in the past due their industrial applications. Since, the surface is flexible, the filament may be stretched during the course of ejection and so only the surface velocity deviates without being uniform. This problem has been extensively studied since Sakiadis [17] investigated the boundary layer flow on a continuous solid surface with constant speeds. Numerous papers are available on stretching sheet problems under different contexts, for example, Crane [18] , Zaturska and Banks [19] , Guedda [20] , Bataller [21] , Bognar [22] and references therein. Most of these analyses have been given by numerical methods such as R-K methods along with shooting algorithm, Keller-box method, finite difference method, etc. Boundary layer equations in the stretching sheet do not, in general, admit any closed-form solution for involved parameter except in a very-special-case because of their high non-linearity, and also, the infinite domain demands special mathematical tools for further analysis. Therefore, we present below a elegant method called the Dirichlet series (or exponential series ) for the solution of the boundary layer flow problems. The Dirichlet series solution method ideally suits for specific type of boundary condition where derivative condition at far distance is zero. An advantage of this method is that it helps in obtaining the derived quantities such as velocity profiles (f 0 ðZÞ) and skin friction (f 00 ð0Þ), directly compared to pure numerical methods. Because of these significant advantages, Kravnchenko and Yablonskii [23] were the first to use the Dirichlet series for solving third order non-linear boundary value problem over infinite domain. A general discussion of the convergence of the Dirichlet series may be found in Riesz [24] .
For E-0, the Falkner-Skan equations (4) and (5) 
and the boundary conditions
We seek Dirichlet series solution for Eq. (20) in the form
where the constants b 0 41 and a are to be determined. Note that the above base function automatically satisfies the derivative boundary condition at infinity. Substituting this base function (22) in systems (20) and (21), we get the following recurrence relation:
to obtain the coefficients b n as a function of unknown constants b 0 and a. Note, however, that for n ¼1, the above recurrence relation satisfies the relation: Àb 1 a þ b 1 a ¼ 0. Therefore, we rewrite the above recurrence relation (23) as
for n ¼ 2; 3,4, . . .. We know that the radius of convergence of the Dirichlet series can be obtained, and our computations show that, if 9b 1 9o 1, then the series converges absolutely for Z4
Àðlnðlim9b n =b n þ 1 9ÞÀln9a9Þ. Detailed convergence criterion of the above series can be found in Riesz [24] . It is important to obtain the shear stress at the surface f 00 ð0Þ as
However, as noted earlier, the series (22) , as it is, contains two free-parameters b 0 and a which are yet to be determined. To determine these constants, we make use of other two initial conditions in (21) namely
We use Newton's method for non-linear equations to determine these unknown parameters up to required accuracy for all values of b. The results thus obtained for various values of b by the present Dirichlet series solution are seen to agree with those produced by the numerical solution of the boundary layer systems (20) and (21) and are presented in Table 2 . From this table, the skin friction value f 00 ð0Þ compares well with that of numerical solution for all values of b. This explicates the advantages of the method over pure numerical methods. Once the constants a and b 0 are determined, it is important to investigate the velocity behavior. We plot the variation of velocity profiles f 0 ðZÞ for different values of b which are shown in Fig. 3 .
Note that systems (20) and (21) admit an analytical solution
and for b ¼ À1
It is worth mentioning here that the closed-form solution (28) has been recovered from the present Dirichlet's method that gives for a ¼ À1, b 0 ¼ 1 and n ¼1 which complements our confidence on the method. Compared to available numerical method for its solution, the Dirichlet's series gives the most accurate solution up to required accuracy with fewer number of coefficients in the Table 2 Comparison of skin friction coefficient f 00 ð0Þ obtained by the Dirichlet series (22) with that of direct numerical solution. series. Thus, this method can be extended to an ordinary differential equation of the type (20) along with the boundary conditions wherein the derivative condition at infinity should be zero. Finally, our attention is to discuss the important results obtained in the previous two sections for different stretching parameter b and wall stretch parameter E which are given in the graphical as well as table form that provide additional insights into the problem under investigation.
Results and discussion
We have presented a new exact solution to the Falkner-Skan equation (4) Tables 1 and 2 .
In Fig. 1(a) , the velocity profiles f 0 ðZÞ against Z are displayed for decelerated flow b ¼ À1 for different values of E. It is observed from figure that the horizontal velocity profiles go asymptotically to their respective velocity ratio parameter E. It is also seen that as the value of E increases from 0.1 to 0.5, velocity profiles show gradual variation. In Fig. 1 In Table 1 , we compare the value of skin friction coefficient f 00 ð0Þ obtained by the present method (through Eqs. (10) and (14)) with the direct numerical solution of the Falkner-Skan problem for various values of b and E. We see that there is an excellent agreement between two methods. Also, as expected, when b increases, the skin friction value in absolute also increases.
However, when E increases for particular value of b, the skin friction coefficient decreases. Further, our computations show that when f 00 ð0Þ is accurate enough, the corresponding desired derived quantities can be found without much difficulty. This can be seen from the particular velocity profile in figures above.
On the other hand, once the unknown parameters a and b 0 in the series (22) are calculated, we can easily compute the velocity profiles, skin friction coefficient etc. The stretching sheet problem (20) and (21) has been solved by this Dirichlet series method for all values of stretching parameter b, and thus, the results in the form of horizontal velocity profiles are presented in Fig. 3 . In this case, when b40, the surface is accelerated, b ¼ 0 implies a continuous movements of the flat surface and when bo0, the surface is decelerated. We observe from Fig. 3 that as the parameter b increases, the momentum boundary layer thickness decreases, and eventually tends to zero as the distance increases from the initial boundary. This phenomenon can be observed for all values of b. Table 2 compares the values of f 00 ð0Þ obtained by the Dirichlet series method with the direct numerical solution of the problem. It is observed that results are quite remarkable. It is also observed that as b increases, the absolute value of the boundary layer thickness also increases.
Conclusions
We have presented a new exact solution of the boundary layer flow over a semi-infinite flat plate. The flow is governed by the Falkner-Skan family of equations. The closed-form solution is obtained for b ¼ À1 in terms of error and exponential functions which is rewritten to obtain an exact solution for all values of b.
We have also presented the Dirichlet series solution for the problem in E ¼ 0 limit and explored that such problems can be solved without much difficulty. Results thus obtained are demonstrated in the form of velocity profiles and skin friction, and are compared with the direct numerical solution of the problem. There is a good agreement between the both solutions. It is found that the effect of pressure gradient parameter is to decrease the thickness of boundary layer. We hope to extend our present analysis by including the effect of magnetohydrodynamic boundary layer flow over a continuously stretching plate which is essentially governed by the Falkner-Skan family of equations with more general boundary conditions.
